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Within the scope of linear elasticity, an in-plane problem related to the repair of an inﬁnite thin elastic plate with a hole
by a patch is considered. The patch and the plate are joined together only along their boundaries. The plate is subjected to
stresses applied at inﬁnity. The problem is reduced to a system of four singular integral equations. Existence and unique-
ness of the solution of the system is proved. The proposed solution allows one to evaluate the eﬃciency of a patch repair
with little computational eﬀort.
 2007 Elsevier Ltd. All rights reserved.
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1. Introduction
Many thin constructions such as thin elastic plates and membranes contain imperfections in the form of
cracks and holes which can appear in a construction both during the manufacturing process and under oper-
ating conditions. It is well known, however, that the presence of holes and cracks leads to high stress concen-
tration at their edges and can cause premature failure of the construction. Diﬀerent studies have shown that
patching is a very eﬀective way to reduce stresses in plates with imperfections. However, a patch attached to a
plate is an imperfection itself and also can lead to failure of the plate. Moreover, if done inappropriately,
patching can cause more harm than beneﬁts. That is why studying a patch repair is very important for
practice.
Reinforcement and repair of plates with imperfections using patching has been widely discussed in scientiﬁc
literature. The case of plates with cracks has been studied especially well. Lee and Kim (1998) studied cracked
plate with discreetly attached patch. The problem of load-transfer between two overlapping continuously
bonded elastic sheets have been considered by Muki and Sternberg (1968). Bonded repair of cracked plates
when a patch and a plate are joined together by glueing along a surface of the patch has been investigated
in numerous papers (Baker and Jones, 1988, Erdogan and Arin, 1972, Keer et al., 1976, Mitchell et al.,
1975, Ratwani, 1979, Rose, 1981, Rose, 1988; Wang and Rose, 1998 and others).
Savruk and Kravec (1993) proposed a general method of the solution of a problem on a ﬁnite elastic
cracked plate reinforced by patches. The patches are attached to the plate elastically along their boundaries.0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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are used to obtain a system of singular integral equations. The case of an inﬁnite cracked plate with a rigidly
attached patch has been investigated in the paper of Savruk and Kravec (1991).
Reinforcement of plates with holes has been studied far less extensively. To the author’s knowledge, ana-
lytical solutions have been given only for particular cases of a circular hole or an elliptic hole.
Engels et al. (2001) gave an analytical solution of a problem of bonded reinforcement of a circular hole in
an inﬁnite anisotropic plate by two patches with circular holes of the same sizes attached symmetrically to
both sides of the main plate. The case of an elliptical hole has been investigated by Engels and Becker (2002).
Tse et al. (2002) used a three-dimensional ﬁnite element method to study a composite panel with a central
circular hole reinforced by a square cover plate. Some problems on the reinforcement of a plate with circular
holes and cracks have been studied numerically by Mitchell et al. (1975).
Silvestrov and Zemlyanova (2004a) and Zemlyanova and Silvestrov (2005) investigated the reinforcement
of a circular hole in an inﬁnite plate by a circular patch attached to the plate along some curve. Similar prob-
lems for an elliptic hole and a confocal elliptic patch have been studied by Silvestrov and Zemlyanova (2004b)
and Silvestrov and Zemlyanova (2006). In all cases, complex variables approach has been used to obtain solu-
tions in analytical form.
This paper considers the general case of a repair of a hole in an inﬁnite plate by a patch. Boundaries of the
patch and the hole can be any non-intersecting smooth curves. The patch is attached to the main plate along
boundaries of the patch and the hole. Given stresses are applied at inﬁnity of the plate. Using integral repre-
sentations of Muskhelishvili’s complex potentials, the problem is reduced to a system of four singular integral
equations. Uniqueness of the solution of this system is proved, and numerical examples are given.
2. Statement of the problem
Consider a stressed state of an inﬁnite thin elastic plate S with a hole bounded by a curve L. The plate is
reinforced with a thin elastic patch S0 with a boundary L0 (Fig. 1). The line L is a simple closed curve of
Lyapunov, that is, a smooth curve such that an angle a(s) (s is an arc length) between the tangent line to this
curve and some ﬁxed direction satisﬁes the Ho¨lder condition as a function of a point of the curve, namely, the
inequality |a(s2)  a(s1)| 6 A|s2  s1|k is satisﬁed for all s1, s2 2 L and some ﬁxed constants A > 0, 0 < k 6 1.
The same is true for the curve L0. The lines L and L0 do not intersect or touch each other. Let us choose a
coordinate system xOy so that the origin lies in the interior of L.Fig. 1. The plate S and the patch S0.
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ratios are given by h, l, m and h0, l0, m0 correspondingly. The principal stresses r11 and r
1
2 are applied at inﬁn-
ity of the plate and act in the directions constituting angles a and a + p/2 with the positive direction of the real
axis. The rotation of the plate as a whole body at inﬁnity does not aﬀect the stressed state of the system and we
can assume it to be zero. All stresses, here and henceforth, are given per unit of thickness of the plate or the
patch.
The patch covers the hole completely and is attached to the plate perfectly along the boundaries of the plate
L and the hole L0. The patch and the plate interact with each other only through the junction lines L and L0,
on which the conditions of rigid attachment are satisﬁed:ðuþ ivÞþðtÞ ¼ ðuþ ivÞþ0 ðtÞ ¼ ðuþ ivÞ0 ðtÞ; t 2 L; ð1Þ
hðrn þ isnÞþðtÞ þ h0ðrn þ isnÞþ0 ðtÞ ¼ h0ðrn þ isnÞ0 ðtÞ; t 2 L; ð2Þ
ðuþ ivÞþðtÞ ¼ ðuþ ivÞðtÞ ¼ ðuþ ivÞþ0 ðtÞ; t 2 L0; ð3Þ
hðrn þ isnÞþðtÞ þ h0ðrn þ isnÞþ0 ðtÞ ¼ hðrn þ isnÞðtÞ; t 2 L0; ð4Þwhere (u + iv)(t) is a vector of displacements at a point t of the plate or the patch, and rn and sn are the normal
and the tangent components of stress acting on the tangent line to the curve L or L0. Parameters without a
subscript are related to the plate S; parameters with a subscript ‘‘0’’ are related to the patch S0. Here and
henceforth, superscripts ‘‘+’’ and ‘‘’’ denote the limit values of stresses, displacements and other parameters
from the left-hand and the right-hand sides correspondingly of the lines L or L0 (with respect to the directions
of these curves chosen on Fig. 1).
We assume that the plate and the patch are in a plane stressed state. The surfaces of the patch and the plate
do not touch each other or touch without friction. The spacial eﬀects of the stress concentration and out-of-
plane bending are inﬁnitesimally small.
The main goal of the solution is to ﬁnd stresses and displacements at each point of the plate and the patch.3. Solution of the problem
3.1. Integral representations of complex potentials
Let L 0 be an oriented smooth curve lying in the closure S of the domain S. In particular, L 0 can coincide
with L or L0. Then the normal rn and the tangent sn components of the stress vector acting on the tangent line
to the curve L 0 from the side of the positive normal and the derivative of the displacement vector u + iv at
points of the curve L 0 can be obtained from the Muskhelishvili’s complex potentials U(z), W(z) by the follow-
ing formulas (Muskhelishvili, 1963)ðrn þ isnÞðtÞ ¼ UðtÞ þ UðtÞ þ dt
dt
ðtU0ðtÞ þWðtÞÞ;
2l
d
dt
ðuþ ivÞðtÞ ¼ jUðtÞ  UðtÞ  dt
dt
ðtU0ðtÞ þWðtÞÞ; t 2 L0
ð5ÞThe same formulas are valid at points of a curve lying in the closure S0 of the patch S0 provided that all
parameters in the formulas are taken with the subscript ‘‘0’’. In the case of plane stress we take
j = (3  m)/(1 + m) and j0 = (3  m0)/(1 + m0).
To derive integral representations of the complex potentials U(z), W(z) and U0(z), W0(z) describing the
stressed state of the ‘‘plate–patch’’ system divide the system into separate components. Consider the inﬁnite
plate S with the hole under the action of the given at inﬁnity stresses. The stresses in the plate have jump dis-
continuities on the closed curve L0  S lying in the interior of the plate, and the displacements are continuous
on this curve. Extend formally the plate S to the full complex plane so that the stresses are continuous through
the curve L. Then the complex potentials U(z) and W(z) can be taken in the form (Savruk, 1981):
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2p
Z
L
g0ðtÞdt
t z þ
ðjþ 1Þ1
pi
Z
L0
qðtÞdt
t z ;
WðzÞ ¼ C0 þ 1
2p
Z
L
g0ðtÞdt
t z 
tg0ðtÞdt
ðt zÞ2
 !
þ ðjþ 1Þ
1
pi
Z
L0
jqðtÞdt
t z 
tqðtÞdt
ðt zÞ2
 !
; z 2 S;
C ¼ ðr11 þ r12 Þ=4; C0 ¼ ðr12  r11 Þe2ia=2;
ð6Þwhere g 0(t) and q(t) are unknown functions which can be expressed through the jump of displacements u + iv
on the line L and the jump of stresses rn + isn on the line L0 by the formulas:g0ðtÞ ¼ 2l
iðjþ 1Þ
d
dt
ðuþ ivÞþðtÞ  ðuþ ivÞðtÞ ; t 2 L;
qðtÞ ¼ ðrn þ isnÞþðtÞ  ðrn þ isnÞðtÞ
 
=2; t 2 L0:
ð7ÞExtend the patch S0 to the full complex plane so that outside of the patch all displacements and stresses are
equal to zero. The displacements are continuous through the line L  S0, and the stresses have jump discon-
tinuity on this line. In the complex plane thus obtained from the patch S0, the jump of the expression
(rn + isn)0(t) on the line L0 is equal to ðrn þ isnÞþ0 ðtÞ, and the jump of the displacements (u + iv)(t) is equal
to ðuþ ivÞþ0 ðtÞ. According to the condition (4) and the second formula (7) we have
ðrn þ isnÞþ0 ðtÞ ¼ 2h1 qðtÞ, t 2 L0, h* = h0/h. Therefore, the complex potentials U0(z), W0(z) can be taken in
the form (Savruk, 1981)U0ðzÞ ¼ ðj0 þ 1Þ
1
pi
Z
L
q0ðtÞdt
t z þ
1
2p
Z
L0
g00ðtÞ þ
2ih1 qðtÞ
j0 þ 1
 
dt
t z ;
W0ðzÞ ¼ ðj0 þ 1Þ
1
pi
Z
L
j0q0ðtÞdt
t z 
tq0ðtÞdt
ðt zÞ2
 !
þ 1
2p
Z
L0
g00ðtÞ þ
2ij0qðtÞ
hðj0 þ 1Þ
 !
dt
t z g
0
0ðtÞ þ
2ih1 qðtÞ
j0 þ 1
 
tdt
ðt zÞ2
" #
; z 2 S0;
ð8Þwhere q0(t) and g00ðtÞ are unknown functions which can be expressed through the jump of the displacements on
the line L and the jump of the stresses on the line L0 by the following formulas:q0ðtÞ ¼ ðrn þ isnÞþ0 ðtÞ  ðrn þ isnÞ0 ðtÞ
 
=2; t 2 L; ð9Þ
g00ðtÞ ¼
2l0
iðj0 þ 1Þ
d
dt
ðuþ ivÞþ0 ðtÞ; t 2 L0: ð10ÞHence, the stressed state of the ‘‘plate–patch’’ system is described by the complex potentials (6) and (8) which
contain two unknown functions g 0(t), q0(t) on the line L and two unknown functions q(t), g00ðtÞ on the line L0.
We will look for these functions in the class of functions satisfying the Ho¨lder condition on the corresponding
curves L and L0. This choice quarantees the existence of all principal and limit values of the integrals of the
Cauchy type in the formulas (6) and (8).
3.2. The system of singular integral equations
To ﬁnd the unknown functions g 0(t), q0(t), q(t), g00ðtÞ we have the conditions (1)–(3) and (10). Recall that the
condition (4) has been already taken into consideration while deriving representations (8) and thus is satisﬁed
automatically. Observe also that the condition (10) appears from the way we extend the patch S0 to the full
complex plane (that is, it quarantees that the displacements and the stresses outside of the patch S0 are equal
to zero).
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and (8) also quarantees single-valuedness of the displacements along the curves L, L0 and equilibrium of the
plate and the patch. To show this consider the increment of the displacements along the boundary of the holeZ
L
d
dt
ðuþ ivÞ0 ðtÞdt ¼
1
2l
j/0 ðtÞ  t/00 ðtÞ  w0 ðtÞ
 
L
;where the last equality follows from another form of the formulas (5) (Muskhelishvili, 1963); the functions
/0(z), w0(z) are analytic antiderivatives of the single-valued analytic functions U0(z), W0(z), and (. . .)|L denotes
the increment of the expression in the parenthesis along the contour L. Since the interior of the contour L is a
simple-connected domain it follows that /0(z), w0(z) are single-valued functions in this domain (Muskhelish-
vili, 1963). Thus, their increment along the line L is equal to zero. Then using the conditions (1) we obtain that
the displacements in the plate and in the patch are single-valued along the curve L. Similar though somewhat
more tedious argument can be made to show single-valuedness of the displacements along the line L0 and to
show the equilibrium of the plate and the patch.
From the formulas (5) and the representations (6) and (8), satisfying the conditions (1)–(3) and (10), we
obtain a system of four singular integral equations on the closed curves L and L0 with four unknown functions
g 0(t), q0(t), t 2 L and q(t), g00ðtÞ, t 2 L0:l jCCC0
dt
dt
þ iðjþ1Þ
2
g0ðtÞþ 1
2p
Z
L
j1
s t M1ðs; tÞ
 
g0ðsÞds 1
2p
Z
L
M2ðs; tÞg0ðsÞds
	
þjðjþ1Þ
1
pi
Z
L0
2
s tþM1ðs; tÞ
 
qðsÞdsþðjþ1Þ
1
pi
Z
L0
M2ðs; tÞqðsÞds
#
¼ j0ðj0þ1Þ
1
pi
Z
L
2
s tþM1ðs; tÞ
 
q0ðsÞdsþ
ðj0þ1Þ1
pi
Z
L
M2ðs; tÞq0ðsÞds
þ 1
2p
Z
L0
j01
s t M1ðs; tÞ
 
g00ðsÞds
1
2p
Z
L0
M2ðs; tÞg00ðsÞdsþ
ih1 j0
ðj0þ1Þp
Z
L0
2
s tþM1ðs; tÞ
 
qðsÞds
þ ih
1

ðj0þ1Þp
Z
L0
M2ðs; tÞqðsÞds; t2L; ð11Þ
2hq0ðtÞ þ
1
2p
Z
L
2
s t þM1ðs; tÞ
 
g0ðsÞdsþ 1
2p
Z
L
M2ðs; tÞg0ðsÞds
 ðjþ 1Þ
1
pi
Z
L0
j 1
s t þ jM1ðs; tÞ
 
qðsÞds ðjþ 1Þ
1
pi
Z
L0
M2ðs; tÞqðsÞds
¼ 2RC C0 dt
dt
; t 2 L;
l jC C C0
dt
dt
þ 1
2p
Z
L
j 1
s t M1ðs; tÞ
 
g0ðsÞds 1
2p
Z
L
M2ðs; tÞg0ðsÞds
	
þ jðjþ 1Þ
1
pi
Z
L0
2
s t þM1ðs; tÞ
 
qðsÞdsþ ðjþ 1Þ
1
pi
Z
L0
M2ðs; tÞqðsÞds
#
¼ j0ðj0 þ 1Þ
1
pi
Z
L
2
s t þM1ðs; tÞ
 
q0ðsÞdsþ
ðj0 þ 1Þ1
pi
Z
L
M2ðs; tÞq0ðsÞds
þ iðj0 þ 1Þ
2
g00ðtÞ þ
1
2p
Z
L0
j0  1
s t M1ðs; tÞ
 
g00ðsÞds
1
2p
Z
L0
M2ðs; tÞg00ðsÞds
þ ih
1
 j0
ðj0 þ 1Þp
Z
L0
2
s t þM1ðs; tÞ
 
qðsÞdsþ ih
1

ðj0 þ 1Þp
Z
L0
M2ðs; tÞqðsÞds ¼ iðj0 þ 1Þg00ðtÞ; t 2 L0;where l* = l0/l and M1ðs; tÞ ¼ ddt lnðststÞ, M2ðs; tÞ ¼  ddt ðststÞ are regular kernels.
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To investigate the system (11) further, we need to prove the theorem of the uniqueness of the solution. Spe-
ciﬁcally, if the solution of the mechanical problem exists, then it must be unique.
The junction line L0 divides the plate S into the inner part S1 bounded by the lines L and L0 and the outer
part S2 lying outside of the line L0. Similarly, the line L divides the patch S0 into the inner part S3 lying inside
of the line L and the outer part S4 bounded by the lines L and L0 (Fig. 2).
Following Muskhelishvili (1963), we consider displacements to be single-valued continuous functions in
each domain Sk, k ¼ 1; 4, up to the boundary. Assume also that they have continuous derivatives up to the
third order in the interior of Sk. Then the components of the tensor of deformations and of the tensor of stres-
ses are single-valued continuous functions which have continuous derivatives up to the second order.
First of all, consider the ﬁnite part of the system ‘‘plate–patch’’ bounded by the circle LR: |z| = R of a big
radius R such that the curves L and L0 are situated in the interior of LR. Examine the integralJ ¼ h
Z
LR
ðXnuþ Y nvÞds; ð12Þwhere ds is an arc element; the orientation of the circle LR is taken counterclockwise; Xn and Yn are the hor-
izontal and the vertical components of the stress acting on the tangent line to the curve LR. The components
Xn and Yn are related to rn and sn by the equality Xn + iYn = (rn + isn)e
ih, where h is an angle between the real
axis and the right-hand normal to the line L (or L0). Thus, the conditions (2) and (4) can be written ashðXn þ iY nÞþðtÞ þ h0ðXn þ iY nÞþ0 ðtÞ ¼ h0ðXn þ iY nÞ0 ðtÞ; t 2 L;
hðXn þ iY nÞþðtÞ þ h0ðXn þ iY nÞþ0 ðtÞ ¼ hðXn þ iY nÞðtÞ; t 2 L0:
ð13ÞTaking into consideration the conditions (1), (3), (13), write the equality (12) asJ ¼ h
Z
LR
ðXnuþ Y nvÞdsþ
Z
L
hðXnuþ Y nvÞþ þ h0ðXnuþ Y nvÞþ0
 
ds h0
Z
L
ðXnuþ Y nvÞ0 ds
þ
Z
L0
hðXnuþ Y nvÞþ þ h0ðXnuþ Y nvÞþ0
 
ds h
Z
L0
ðXnuþ Y nvÞ ds:By changing the orientation of the curves L and L0 in the following integrals, we obtainFig. 2. Separate parts of the ‘‘plate–patch’’ system.
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L0
ðXnuþ Y nvÞ ds ¼ 
Z
L0
0
ðXn0uþ Y n0vÞ ds;Z
L
ðXnuþ Y nvÞ0 ds ¼ 
Z
L0
ðXn0uþ Y n0vÞ0 ds;where L 0 and L00 are the curves L and L0 with the opposite orientation, and n
0 is the right-hand normal with
respect to the directions of the curves L 0 and L00. Now, using the Green’s formula, similarly to Muskhelishvili
(1963), we obtain:J ¼ h
Z Z
S1
ðkh2 þ 2lðe2xx þ 2e2xy þ e2yyÞÞdxdyþ h
Z Z
S2R
ðkh2 þ 2lðe2xx þ 2e2xy þ e2yyÞÞdxdy
þ h0
Z Z
S0
ðk0h20 þ 2l0ðe2xx þ 2e2xy þ e2yyÞ0Þdxdy; ð14Þwhere k, k0, l, l0 are positive constants; exx, exy, eyy are components of the tensor of deformations,
h = exx + eyy; S2R is a part of the plate between the lines L0 and LR.
Let us assume that there exist two solutions of the problem. Let u, v, Xn, Yn, exx, exy, eyy be the diﬀerences of
corresponding parameters for these two solutions. The stresses acting at inﬁnity are equal to zero for the diﬀer-
ence of the solutions, and the stresses in the plate decrease as |z|2 as z goes to inﬁnity. Therefore, J! 0 asR!1.
Then, because of non-negativeness of the integral functions, it follows from (14) that all components of tensors of
stresses and deformations are equal to zero everywhere in the plate and the patch. Hence, the given two solutions
of the problem are equal in the sense that they determine the same stressed state. Therefore, if the solution of the
problem of reinforcement of an inﬁnite plate with a hole by a patch exists, then it is unique.
3.4. Uniqueness of the solution of the homogeneous system (11)
Consider the homogeneous system (11). Clearly, in this case C = C 0 = 0, and thus all the loads applied at
inﬁnity of the plate S are equal to zero.
According to the proved uniqueness of the solution, the complex potentials in the plate and the patch have
the form (Muskhelishvili, 1963)UðzÞ ¼ ic1; z 2 S1
ic2; z 2 S2


; WðzÞ ¼ 0; z 2 S;
U0ðzÞ ¼
ic3; z 2 S3
ic4; z 2 S4


; W0ðzÞ ¼ 0; z 2 S0;
ð15Þwhere ck are arbitrarily chosen real numbers.
By substituting (15) into the second equality (7) and into (9) and taking into consideration (5), we obtainqðtÞ ¼ 0; t 2 L0; q0ðtÞ ¼ 0; t 2 L:
Hence, the function U(z) is continuous through the line L0, and thus c1 = c2. On the other hand, because U(z)
is an integral of the Cauchy type, it follows that U(1) = 0. Then c1 = c2 = 0, and therefore U(z) = 0 every-
where in S.
Moreover, the functions U(z), W(z) deﬁned by the formulas (6) with C = C 0 = 0 and q(t) = 0 can be consid-
ered as complex potentials for the ﬁrst fundamental problem of elasticity for the interior S 0 of the line L with
the boundary condition (rn + isn)(t) = 0, t 2 L. Then from the uniqueness of the solution of the ﬁrst funda-
mental problem (Muskhelishvili, 1963) it follows thatUðzÞ ¼ ic; WðzÞ ¼ 0; z 2 S0;
where c is an arbitrarily chosen real number. Now, by the Cauchy integral theorem, it follows that g 0(t) = c.
Since the loading applied to the line L is equal to zero it follows that the principal moment of the loading is
zero. The principal moment can be expressed through the unknown function g 0(t) by the formula (Savruk,
1981)
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Z
L
ðtg0ðtÞdt tg0ðtÞdtÞ:Let us calculate the moment then g 0(t) = c. Taking advantage of the Green’s formula, we ﬁndM ¼ 2c
Z Z
S0
dxdy ¼ 0:Then c = 0 and g 0(t) = 0, t 2 L. Therefore, the homogeneous system (11) has only trivial solution.3.5. Reducing the system (11) to the system of Fredholm equations of the second kind
Let us use the Carleman–Vekua method to regularize the system (11). Separate the singular and the regular
partsilðjþ 1Þ
2
g0ðtÞ þ lðj 1Þ
2p
Z
L
g0ðsÞds
s t 
2j0
piðj0 þ 1Þ
Z
L
q0ðsÞds
s t
¼ k1ðg0; g0; q0; q0; q; q; g00; g00Þ þ f1ðtÞ; t 2 L;
2hq0ðtÞ þ
1
p
Z
L
g0ðsÞds
s t ¼ k2ðg
0; g0; q; qÞ þ f2ðtÞ; t 2 L;
 il1 ðj0 þ 1Þg00ðtÞ þ
2jðjþ 1Þ1
pi
Z
L0
qðsÞds
s t
¼ k3ðg0; g0; q; qÞ þ f3ðtÞ; t 2 L0;
 iðj0 þ 1Þ
2
g00ðtÞ þ
2ih1 j0
ðj0 þ 1Þp
Z
L0
qðsÞds
s t þ
j0  1
2p
Z
L0
g00ðsÞds
s t
¼ k4ðg0; g0; q0; q0; q; q; g00; g00Þ þ f4ðtÞ; t 2 L0;
ð16Þwhere k1, k2, k3, k4 are Fredholm integral operators of the ﬁrst kind, f1(t), f2(t), f3(t), f4(t) are given functions.
The exact forms of these operators and functions are not important for the argument to follow.
Solve the second equation of the system (16) with respect to the function q0(t) and substitute into the ﬁrst
equation (16). Using the formula to inverse singular integral operator on the closed curve, we obtainq0ðtÞ ¼ 
h1
2p
Z
L
g0ðsÞds
s t þ
h1
2
ðk2 þ f2ðtÞÞ; t 2 L;
lðjþ 1Þ
2
þ h
1
 j0
j0 þ 1
 
g0ðtÞ þ lðj 1Þ
2pi
Z
L
g0ðsÞds
s t
¼ iðk1 þ f1ðtÞÞ  h
1
 j0
ðj0 þ 1Þpi
Z
L
ðk2 þ f2ðsÞÞds
s t ; t 2 L;
ð17Þwhere the arguments of the operators k1, k2 are omitted for the sake of brevity. Clearly, the index of the sec-
ond equation (17) is zero. Using the method of regularization of Carleman–Vekua, this equation can be trans-
formed to the equivalent Fredholm integral equation of the second kind solved with respect to the function
g 0(t). Then, substituting this equation into the ﬁrst equation (17), we obtain Fredholm integral equation of
the second kind solved with respect to the function q0(t).
Similarly, the last two equations of the system (16) can be reduced to two Fredholm integral equations of
the second kind solved with respect to the functions q(t) and g00ðtÞ.
Hence, we obtain a system of four Fredholm integral equations of the second kind:
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q0ðtÞ ¼ k6ðg0; g0; q0; q0; q; q; g00; g00Þ þ f6ðtÞ; t 2 L;
qðtÞ ¼ k7ðg0; g0; q0; q0; q; q; g00; g00Þ þ f7ðtÞ; t 2 L0;
g00ðtÞ ¼ k8ðg0; g0; q0; q0; q; q; g00; g00Þ þ f8ðtÞ; t 2 L0;
ð18Þwhere k5, k6, k7, k8 are Fredholm integral operators of the ﬁrst kind and f5(t), f6(t), f7(t), f8(t) are given
functions.
The system (18) contains the unknown functions g 0(t), q0(t), q(t), g00ðtÞ as well as their complex conjugates.
Take the complex conjugation from Eq. (18) and introduce new unknown functions by the formulasu1ðtÞ ¼ g0ðtÞ; v1ðtÞ ¼ g0ðtÞ; u2ðtÞ ¼ q0ðtÞ; v2ðtÞ ¼ q0ðtÞ;
u3ðtÞ ¼ qðtÞ; v3ðtÞ ¼ qðtÞ; u4ðtÞ ¼ g00ðtÞ; v4ðtÞ ¼ g00ðtÞ:Then for the solution of the problem, we have a system of eight Fredholm integral equations of the second
kindujðtÞ ¼ kjþ4ðu1; v1; u2; v2; u3; v3; u4; v4Þ þ fjþ4ðtÞ; t 2 L;
vjðtÞ ¼ kjþ4ðv1; u1;v2; u2;v3; u3;v4; u4Þ þ fjþ4ðtÞ; t 2 L; j ¼ 1; 2;
ujðtÞ ¼ kjþ4ðu1; v1; u2; v2; u3; v3; u4; v4Þ þ fjþ4ðtÞ; t 2 L0;
vjðtÞ ¼ kjþ4ðv1; u1;v2; u2;v3; u3;v4; u4Þ þ fjþ4ðtÞ; t 2 L0; j ¼ 3; 4;
ð19Þwith additional conditionsujðtÞ ¼ vjðtÞ; j ¼ 1; 4: ð20Þ
The conditions (20) can always be satisﬁed. Really, assume that {uj ðtÞ, vj ðtÞ, j ¼ 1; 4} is a solution of the sys-
tem (19) not necessary satisfying the conditions (20). Then {vj ðtÞ, uj ðtÞ, j ¼ 1; 4} is also a solution of this sys-
tem. Taking half of the sum of these two solutions, we obtain the solution {ðuj ðtÞ þ vj ðtÞÞ=2, ðuj ðtÞ þ vj ðtÞÞ=2,
j ¼ 1; 4} of the system (19) satisfying the conditions (20).
Since the system (18) is equivalent to the system (11), it follows that the homogeneous system (18) has only
trivial solution. Then the homogeneous system (19) has a unique solution satisfying the conditions (20), spe-
ciﬁcally, the trivial solution. Let us show that this is a unique solution of the homogeneous system (19).
Assume that there is a solution {uj ðtÞ, vj ðtÞ, j ¼ 1; 4} of the homogeneous system not necessary satisfying
the conditions (20). Then {ðuj ðtÞ þ vj ðtÞÞ=2, ðuj ðtÞ þ vj ðtÞÞ=2, j ¼ 1; 4} is also a solution of the system, and
it satisﬁes the additional conditions. Thus, it has to be a trivial solution: uj ðtÞ ¼ vj ðtÞ. Since the system is
linear and homogeneous it follows that {iuj ðtÞ, iuj ðtÞ, j ¼ 1; 4} is also a solution of this system and it satisﬁes
the conditions (20). Therefore, this solution is trivial. Hence, the homogeneous system (19) does not have any
non-zero solutions. Then it follows (Muskhelishvili, 1977) that the corresponding inhomogeneous system has
a unique solution for any right-hand side.
Observe that all the transformations made with the system (11) are equivalent transformations. Thus, the
system (11) has a unique solution g 0(t), q0(t), q(t), g00ðtÞ for any right-hand side. Moreover, since the right-hand
side satisﬁes the Ho¨lder condition then the solution of the system also satisﬁes the Ho¨lder condition on the
corresponding curves.
Note that the transformation of the system (11) to the system (19) was made only to show existence and
uniqueness of the solution of the system (11) in the class of functions satisfying the Ho¨lder condition. To
obtain numerical results, we will numerically solve the system (11).
4. Numerical results
We will use the method of mechanical quadratures (Savruk, 1981, Savruk and Kravec, 1991) to solve
numerically the system (11). The following formula (Chawla and Ramakrishnan, 1974) is used to approximate
integrals
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0
wðsÞMðs; hÞds ¼ 2p
n
Xn
m¼1
wðsmÞMðsm; hÞ; sm ¼ 2pmn þ d; m ¼ 1; n:The last formula is valid for any h if M(s,h) is a regular kernel, and forh ¼ hs ¼ ð2s 1Þpn þ d; s ¼ 1; n;if M(s,h) is a singular kernel. Here w(s) and M(s,h) are 2p-periodical functions; n is an even natural number,
and d is an arbitrarily chosen real number.
The following interpolation formula is used to approximate the functions g 0(t), q0(t), g00ðtÞwðhÞ ¼ 1
n
Xn
m¼1
wðsmÞ sin nðh smÞ
2
cot
h sm
2
; 0 < h < 2p:The lines L and L0 are given by the parametrical equations t = x(#) and t = x0(#), # 2 [0, 2p], corre-
spondingly. Applying the quadrature and interpolation formulas to the system (11), we obtain a system
of linear algebraical equations. From the solution of the last system, we ﬁnd the stresses in the patch
and the plate.
Example 1. The computation is made for the plate and the patch having the same thicknesses h = h0 and the
elastic parameters l = 60 MPa, m = 0.3 and l0 = 80 MPa, m0 = 0.4 correspondingly. The principal stress
r11 ¼ r acts at inﬁnity in the plate in the direction identiﬁed by the angle a = p/4 with the positive direction of
the real axis, r12 ¼ 0. The hole in the plate has a shape of a square with rounded corners which is described by
the parametric equation x(#) = A(ei# + mei#), A = 0.872R, m = 0.147, 0 6 # < 2p, where R is a radius of the
circle circumscribed around the hole. The boundary L0 of the patch S0 has one of the following shapes:
(a) L0 is a circle of the radius 2R: x0(#) = 2Re
i#,
(b) L0 is a square with rounded corners: x0(#) = A0(e
i# + mei#), A0 = 2A, 0 6 # < 2p.The shapes of the boundaries of the hole and the patch and the loading applied to the plate at inﬁnity are
shown on the Fig. 3.
Graphs of dependance of the stresses on the hole boundary L from the polar angle h = arg t, 0 6 h 6 p are
shown on the Fig. 4. Because of the central symmetry of the applied loading, the stresses in the plate and the
patch are distributed symmetrically with respect to the origin. Here, as before, rn and sn are the normal and
the tangent stresses acting on the tangent line to the line L or L0, and rs is the normal stress acting on the
normal line to L or to L0. On all ﬁgures numbers 1, 2, 3 and 4 denote graphs of stresses in the domains
S1, S2, S3 and S4, number 5 denotes the graphs of the corresponding stresses in the plate S without reinforce-a b
Fig. 3. Shapes of the hole and of the patch considered in the Example 1.
ab
c
d
e
f
Fig. 4. Dependance of the stresses on the hole boundaryL on the polar angle h for the case of: (a–c) the circular patch; (d–f) the square patch.
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ﬁgures (a–c) correspond to the case of the circular patch, the ﬁgures (d–f) – to the case of the square patch.
The corresponding graphs of the stresses on the line L0 are shown on Fig. 5.
It is worth to mention that the numerical results obtained by this method for the circular hole reinforced by the
circular patch and for the elliptic hole reinforced by the confocal elliptic patch are in a good accordance with the
results obtainedbydiﬀerent techniquesbyZemlyanovaandSilvestrov (2005) andSilvestrovandZemlyanova (2006).
To evaluate eﬃciency of the reinforcement it is important to ﬁnd the extremal values of the principal stres-
ses r1 and r2 in the plate and the patch. The points at which these stresses act and the direction of their action
will tell then the place and the direction of the possible crack formation and growth.
The maximal values of the principal stresses r1 and r2 in the patch and the plate on the junction lines L and
L0 are given in the Table 1 for the circular patch (case a) and the square patch (case b). The values of these
parameters are given also for the plate without reinforcement (case c). The polar angles h of the points at
which these values are attained on the upper halves of the lines L and L0 are provided. The most possible
direction of crack growth at these points constitutes angle b with the positive direction of the real half-axis.
It can be seen from the Table 1 that the patch reduces the maximal stresses at the hole boundary approxi-
mately in 1.56 and 1.62 times correspondingly. At the same time the maximal stresses at the patch boundary
do not change signiﬁcantly compared with the case of the plate without reinforcement.
The dependance of the maximal values of the principal stresses r1 and r2 in the patch and in the plate on the
angle a which identiﬁes the direction of the stress r11 is shown on the Fig. 6 for the case of the square hole and
ab
c
d
e
f
Fig. 5. Dependanceof the stresses on thepatchboundaryL0 on thepolar angleh for the caseof: (a–c) the circularpatch; (d–f) the squarepatch.
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ing angle a. Due to the symmetry of the construction and loading it is suﬃcient to consider a being from 0 to
p/4 only. The ﬁgure (a) corresponds to the stresses on the hole boundary, the ﬁgure (b) – on the patch bound-
ary. Numbers 1, 2, 3 and 4 denote the maximal principal stresses r1 and r2 in the domains S1, S2, S3 and S4
correspondingly.
Eﬃciency of a patch reinforcement with respect to the size of the patch and its rigidness is evaluated in the
Table 2. The comparison is made for the plate with a square hole and a square patch with the same mechanical
and geometrical parameters as before with the exception of one parameter A0 or l0 which has been changed.
The maximal values of the principal stresses on the patch and on the hole boundaries in the plate without rein-
forcement are given in the last two lines of the table. It can be seen from this table (compare cases A0 = 1.5A
and A0 = 3A) that bigger patch just insigniﬁcantly reduces the stresses on the hole boundary, while the stresses
on the patch boundary even increase compared with unreinforced case. Comparing cases l0 = 40 and
l0 = 160, it can be seen also that less rigid patch is more eﬀective in this particular case in reducing the stresses
both on the boundary of the hole and on the boundary of the patch. The same thing can be observed in some
cases for the thickness of the patch.
Example 2. Consider the plate S and the patch S0 with the same mechanical parameters and thicknesses as in
the previous example. The boundary L0 of the patch is an ellipse with semiaxes a0 = 2.4R and b0 = 5R/3. The
boundary of the hole L has one of the following shapes:
Table 1
The maximal principal stresses on the hole and the patch boundaries
Cases Domain L L0
maxðr1 ;r2Þ
r
h
p
b
p
maxðr1 ;r2Þ
r
h
p
b
p
a S1 1.345 0.546 0.27 1.035 0.517 0.253
0.954 0.23 0.983 0.247
S2 – – – 2.478 0.117 0.238
0.383 0.262
S3 2.186 0.25 0.25 – – –
S4 2.001 0.546 0.272 1.553 0.517 0.252
0.954 0.228 0.983 0.248
c S 3.4 0.515 0.385 2.366 0.56 0.25
0.985 0.115 0.94 0.25
b S1 1.342 0.546 0.265 1.301 0.75 0.25
0.954 0.235
S2 – – – 2.728 0.008 0.266
0.492 0.234
S3 2.095 0.25 0.25 – – –
S4 2.006 0.546 0.269 1.948 0.75 0.25
0.954 0.231
c S 3.4 0.515 0.385 2.633 0.75 0.25
0.985 0.115
a b
Fig. 6. Dependance of the maximal principal stresses on a: (a) on the line L; (b) on the line L0.
Table 2
The maximal principal stresses for patches with diﬀerent parameters
Line Domain max(r1, r2)/r
A0 = 1.5A A0 = 3A l0 = 40 l0 = 160
L S1 1.401 1.29 2.091 0.797
L S3 2.134 2.056 1.737 2.396
L S4 2.091 1.931 1.556 2.39
L0 S1 1.397 1.269 1.65 0.952
L0 S2 2.756 2.697 2.498 3.048
L0 S4 2.092 1.889 1.246 2.832
L S 3.4 3.4 3.4 3.4
L0 S 3.103 2.236 2.633 2.633
6872 A. Zemlyanova / International Journal of Solids and Structures 44 (2007) 6860–6877(a) L is a circle of radius R: x(#) = Rei#,
(b) L is a square with rounded corners: x(#) = A(ei# + mei#), A = 0.872R, m = 0.147.
The shapes of the hole and the patch and the loading at inﬁnity of the plate are shown on the Fig. 7.
a b
Fig. 7. Shapes of the hole and the patch considered in the Example 2.
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h are shown on the Figs. 8 and 9 correspondingly. Numbers 1, 2, 3, 4 and 5 denote the same stresses as before.
The ﬁgures (a–c) correspond to the case of the circular hole, (d–f) – to the case of the square hole. Observe the
suﬃcient reduction of the stress rs on the boundary of the hole in the case of the square hole (Fig. 8f).a
b
c
d
e
f
Fig. 8. Dependance of the stresses on the hole boundary L on the polar angle h in the case of: (a–c) the circular hole; (d–f) the square hole.
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Fig. 9. Dependance of the stresses on the hole boundary L0 on the polar angle h in the case of: (a–c) the circular hole; (d–f) the square hole.
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ratio b0/a0 of the patch is shown on the Figs. 10 and 11 correspondingly. In the last case the area of the patch
S0 stays the same and equal to 4pR
2 while the aspect ratio b0/a0 changes from 0.4 to 2.8. All other mechanical
and geometrical parameters of the construction are the same. The Fig. 11 shows that the elliptical patch with
the major axis perpendicular to the direction of the stress r11 is the most eﬀective in reducing the maximal
principal stresses both at the boundary of the patch and on the boundary of the hole. The ﬁgures (a) and
(b) correspond to the stresses on the boundary of the hole L and on the boundary of the patch L0 in the case
of the circular hole, the ﬁgures (c) and (d) – in the case of the square hole.
5. Conclusions
In this paper the problem of reinforcement of a plate with a hole by a patch has been solved in the closed
form. The proposed solution reduces the problem to the solution of a system of singular integral equations.
The approximate solution of the last system can be obtained by solving a linear system of algebraic equations.
Possible places and directions of crack formation and growth can be computed easily using this numerical
solution. Numerical results show that the patch signiﬁcantly reduces the stresses in the ‘‘plate–patch’’ system
and thus is an eﬀective way of reinforcement of plates with holes.
ac
b
d
Fig. 10. Dependance of the maximal principal stresses on L and L0 on the angle a in the case of: (a) and (b) the circular hole; (c) and (d) the
square hole.
a
c
b
d
Fig. 11. Dependance of themaximal principal stresses onL andL0 on the aspect ratio b0/a0 in the case of: (a) and (b) the circular hole; (c) and
(d) the square hole.
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compared with the patch of the smaller size. The same thing can be said about stiﬀness and thickness of the
patch. This allows to assume that there are some values of the parameters of the patch (shape, size, thickness,
6876 A. Zemlyanova / International Journal of Solids and Structures 44 (2007) 6860–6877shear modulus and Poisson ratio) which provide the best reinforcement of the plate with the hole. Finding the
exact values of these parameters for each particular plate with a hole under each particular loading presents an
interesting problem which is outside of the scope of this paper.
The mathematical approach considered in this paper for the rigid (perfect) bonding of the plate and the
patch can be generalized on the case of weak (imperfect) interface, assuming that the displacements are
allowed to have jump discontinuities on the bonding lines proportional to the stresses on these lines. The con-
ditions (1) and (3) in this case need to be replaced by the following two conditions (Savruk and Kravec, 1993)ðuþ ivÞþðtÞ þ C1ðrn þ isnÞþðtÞ ¼ ðuþ ivÞþ0 ðtÞ ¼ ðuþ ivÞ0 ðtÞ; t 2 L;
ðuþ ivÞþðtÞ ¼ ðuþ ivÞðtÞ ¼ ðuþ ivÞþ0 ðtÞ þ C2ðrn þ isnÞþ0 ðtÞ; t 2 L0;
Cj ¼ hbj=ðlbjdbjÞ; j ¼ 1; 2;where hbj, dbj and lbj are the thicknesses, the widths and the shear moduli of the bonding layers. The system of
singular integral equations (11) will be replaced in this case by the system of integrodiﬀerential equations, the
study of which appears to be more challenging.
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